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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL NOTE D-232 

INVESTIGATION OF THE NATURAL, FRFQUENCIES OF F’LUIDS IN 

SPHERICAL AND CYLINDRICAL TANKS 

By John Locke McCarty and David G. Stephens 

SUMMARY 

Several small models of propellant-tank configurations applicable 
to missile designs were oscillated to study the natural frequencies of 
contained fluids over a range of fluid depths and tank sizes. 
figurations included spheres and right circular cylinders which could be 
oriented with respect to the direction of oscillation. 

The con- 

The data are presented in terms of nondimensiorlai p&-meters sug- 
gested by theoretical considerations. The experimental results obtained 
on tanks of various sizes indicate that these nondimensional parameters 
can be used to predict the natural frequencies of fluids in all tanks of 
a given configuration. 

Comparison of the experimental results of this investigation with 
available theoretical results shows excellent agreement. 

INTRODUCTION 
. 

The effects of the movement of large fluid masses on the stability 
of their containers o r  the overall vehicle are a matter of common experi- 
ence. They hzve long been a factor in the stability of ships, have become 
of coilcern in the aircraft field, and are now of importance in missile 
operations. Fluid dynamic studies relative to the aircraft problem, such 
as those of references 1 to 6, were conducted to form a better under- 
standing of the liquid motions inherent in airplane tip tanks. These 
studies were primarily concerned with finding ways to represent o r  approx- 
imate the complicated motions of fuels in oscillating tanks and with the 
determination of the effects of these motions on the flutter of wing-tank 
configurations. 

Relative to missiles and spacecraft the problems associated with 
0 liquid propellants in motion are of increased significance during the 

launch stage due to the fact that the fuel and oxidizer for liquid- 
propellant boosters represent a large percentage of the total weight. 
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The oscillation of these free-surface propellant masses exert forces and 
moments on the missile which may couple with the control system and cause 
instability. These fluid oscillations, resulting from such sources as 
programed control pulses, have been shown experimentally (ref. 7, for 
example) to be most critical when the excitation f’requency is in the 
region of a natural frequency of lower mode fluid oscillations. In addi- 
tion, the frequencies of fluid oscillation may coincide with the fre- 
quencies of structural modes and induce resonances leading to amplified 
structural deformations. A knowledge of the natural frequencies of the 
liquids in fuel tanks of various configurations affords the designer 
information necessary to minimize possible resonant conditions. 
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Analytical methods for the determination of the natural frequencies 
of contained fluids have been derived for special cases in available 
literature (refs. 1, 8, 9, and 10, for example) but experimental verifi- 
cations of these analyses are heretofore limited to variations of upright 
cylindrical tanks and the first mode of spherical tanks. 

The purpose of this paper is to report the results of an experi- 
mental investigation of the natural frequencies and mode shapes of fluids 
contained in representative missile fuel-tank configurations. The 
natural-frequency data obtained from fluids in spherical and cylindrical 
tanks of different sizes, fullness, and orientation with respect to the 
direction of oscillation are presented in nondimensional form and 
compared with available analytical results. 

SYMBOLS 

g 

h 

2 

n 

R 

7n 

acceleration due to gravity 

liquid depth 

cylinder length 

mode of fluid oscillation 

cylinder or sphere radius 

frequency parameter for nth mode for longitudinal modes 
horizontal circular cylinders (fluid surface parallel 

are 

of 
to 

cylinder axis), qf 1 
nrth tanh - 

2 
c 

U 



3 
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. 

frequency parameter f o r  n th  mode f o r  transverse modes 3f upright 
c i r c u l a r  cylinders ( f l u i d  surface normal t o  cylinder axis), 

n th  zero of f irst  
and f i rs t  kind 

der ivat ive of Bessel function of f i r s t  order 

frequency parameter for  nth mode for spheres and t ransverse 
modes of horizontal  c i rcu lar  cylinders ( f l u i d  surface paral-  
l e1  t o  cylinder axis), 

experimental na tura l  frequency of o s c i l l a t i o n  of nth mode 

a n a l y t i c a l  natural  frequency of o s c i l l a t i o n  of nth mode 

APPARATUS AND TEST PROCEDURE 

Apparatus 

Description of models.- The models of propellant-tank configurations 
studied i n  these tes ts  include three spheres and four r i g h t  c i r c u l a r  
cylinders capable of being oriented i n  d i f f e r e n t  ways with respect  t o  
the d i rec t ion  of o s c i l l a t i o n .  The dimensions of the  models are given i n  
t a b l e  I together with the  corresponding ranges of l i q u i d  depths studied 
f o r  each model. I n  the  case of the  upright c i r c u l a r  cylinder,  t h e  t a b l e  
describes models of t h a t  configuration which were studied and discussed 
i n  references 7, 12, 13,  and 14.  
cylinder are defined by the  or ientat ion of the  cylinder with respect  t o  
the  o s c i l l a t i o n  as i l l u s t r a t e d  i n  the t a b l e .  The t ransverse and longi- 
tud ina l  modes of horizontal  cylinders were obtained with t h e  cyl inder  
posit ioned so t h a t  the  f l u i d  surface w a s  p a r a l l e l  t o  t'ne cylinder =is 
and t h e  t ransverse modes for  upright cyl inders  were obtained with t h e  
cyl inder  or iented so t h a t  the f l u i d  surface was normal t o  t h e  cylinder 
ax is .  

The configurations f o r  the  c i r c u l a r  

All models w e r e  constructed of c l e a r  Plexiglas  t o  permit v i s u a l  
observation of the f l u i d  motion. In a l l  cases, water w a s  used as t h e  
f l u i d  . 

Mechanical shaker.- The models were mounted on a platform t h a t  was 
supported i n  pendulum fashion from overhead beams. 
models w a s  obtained by connecting the platform d i r e c t l y  t o  a mechanical 
shaker as shown i n  figure 1. The mechanical shaker, described f u l l y  i n  
reference 11, i s  e s s e n t i a l l y  a slider-crank mechmism driven by a 

Osc i l la t ion  of the  
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variable-speed motor. This apparatus was so designed as to provide a 
means for conveniently varying the frequency and amplitude of the recip- 
rocating motion applied to the platform. 

Test Procedure 

The testing technique involved excitation of models over a range of 
The proce- frequencies to obtain the natural frequencies of the liquid. 

dure was repeated over a wide range of fluid depths. In measuring the 
frequencies of the lower modes, the mode in question was induced by the 
mechanical shaker, and upon full development of the wave form the tank 
motions were stopped and the frequencies were obtained by visually timing 
the low amplitude oscillations of the liquid during the decay of the wave 
form. In the case of the higher modes, the excitation amplitudes were 
maintained at low levels and the natural frequencies were taken as those 
frequencies yielding maximum fluid response. In this case, the frequencies 
were read directly from a tachometer, visible in figure 1. Figures 2 to 5 
show typical shapes of the lower liquid modes in spherical and cylindrical 
tanks. Data were taken for all liquid modes visually detected with suffi- 
cient clarity for their definition. 

DATA REDUCTION AND PRESENTATION 

The natural frequencies measured for each model were nondimensional- 
ized to provide relationships valid for different size models of a given 
geometrical configuration excited in a specified manner. In order to 
accomplish this, a frequency parameter was developed for each configura- 
tion from consideration of the variables involved. In the case of spheres 
and horizontal circular cylinders subjected to transverse oscillations, 
this parameter is the ratio of the experimentally determined natural fre- 
quency to appropriate variables used in the nondimensional treatment given 
these configurations in reference 8. No explicit expression for fin is 
known f o r  these configurations. 
ence 8 correspond to the eigenvalues obtained from a matrix iteration 
scheme. 
and defined by the expression 

The analytical values obtained in refer- 

The di*mensionless parameter for the nth mode is denoted by h, 

where % is the experimental 
the cylinder or sphere radius, 

. 
natural frequency of the nth mode, R is 
and g is the acceleration due to gravity. 

V 
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The parameter developed for t he  natural  frequencies of t he  l i q u i d  
i n  horizontal  cyl inders  subjected t o  longitudinal exc i ta t ion  i s  t h e  
r a t i o  of t he  experimentally determined na tura l  frequency t o  var iab les  
present  i n  an ana ly t i ca l  expression for t he  na tura l  frequency of f l u i d s  
i n  a rectangular tank (no known appropriate expression ex is t s  f o r  c i rcu-  
lar tanks)  as  derived i n  reference 9. 
frequency of t he  f l u i d  i s  

The expression f o r  t h e  na tu ra l  

Rn = iy tanh - nnh 
2 

where n i s  t h e  mode of f l u i d  osc i l l a t ion ,  2 i s  the  cylinder length,  
and h i s  the  l i q u i d  depth. The resu l t ing  parameter, denoted by yn, 
2 -  

In  the  case of the  upright c i rcu lar  cyl inder ,  an exact expression 
e x i s t s  for t he  na tura l  f l u i d  frequencies ( r e f .  9 ) .  This expression i s  

where 
of t he  f irst  order and the  f i r s t  kind. The parameter 6,, again the  r a t i o  
of t h e  experimentally determined natural  frequency t o  t h e  var iab les  i n  t h e  
previous ana ly t i ca l  expression, i s  defined by 

cn i s  the  n th  zero of t he  f i r s t  der iva t ive  o f  the  Bessel funct ion 

These frequency parameters are  p lo t t ed  as a function of f l u i d  depth 
h/2R 
t o  9. The s l i g h t  s ca t t e r ing  of points noted i n  some cases a t  the  high 
and low depths may be p a r t i a l l y  a t t r i bu ted  t o  the  d i f f i c u l t y  involved i n  
determining t h e  exact frequency of t he  mode i n  question a t  those depths. 
Furthermore, t he  data  obtained for t h e  higher modes of  the  s m a l l  models 
were l imi ted  because these mode shapes could not be c l e a r l y  defined i n  
some cases.  

f o r  each mode of t he  given configuration and presented i n  f igu res  6 
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DISCUSSION OF RESULTS 

Modes f o r  Spheres 
I. 

The experimental da ta  fo r  t h e  th ree  spheres are presented i n  f ig -  
The measured values of t he  ure  6 i n  terms of t he  frequency parameter. 

frequency parameter are given as a function of f l u i d  depth f o r  t he  
f i r s t  four  l i qu id  modes with curves f a i r ed  through these  poin ts  t o  d i f -  
f e r en t i a t e  between the  modes. 
or fixed value of 
same f o r  a l l  models examined. It appears therefore  t h a t  An i s  inde- 
pendent of s i ze .  

An 
b 

The figure indica tes  t h a t  a t  a given depth, 
h / Z ,  t h e  frequency parameter f o r  a given mode i s  t h e  

It i s  in t e re s t ing  t o  note t h e  va r i a t ion  of An with depth f o r  t h e  
modes considered. Note tha t ,  s ince An f o r  a given model i s  simply the  
product of a constant and the  na tu ra l  frequency %, these var ia -  

t i ons  with depth a r e  ind ica t ive  of the  na tu ra l  frequency t rend.  
f i r s t  or fundamental mode, increases  with f l u i d  depth with a minimum 
a t  the near-empty condition. However, f o r  the  higher modes An does not 
follow t h i s  monotonic trend, but instead the  minimum value of 
t o  occur f o r  the  approximately ha l f - fu l l  condition. 

I n  t h e  
h, 

h, appears 

A s  t h e  depth approaches zero, t he  value of the  frequency parameter 
f o r  a given mode approaches a f i n i t e  value. I n  cont ras t ,  as the  values 
of h/2R approach uni ty  ( f u l l  tank) ,  t h e  value of the  frequency param- 
e t e r  f o r  each mode appears t o  become i n f i n i t e .  
under near-empty conditions may be in te rpre ted  physical ly  as the  r e s u l t  
of the f l u i d  ac t ing  as a compound pendulum f o r  t he  case of the f i r s t  mode 
and a multiple pendulum f o r  the  higher modes, the  center  of r o t a t i o n  
being the center  of the  sphere. That An should approach i n f i n i t y  a t  
t he  higher depths may be physical ly  in te rpre ted  as the  result of t h e  
reduction i n  the  free-surface area as t h e  tank i s  f i l l e d .  The values 
of these parameters a t  t he  end conditions and midpoint agree with the  
ana ly t ica l  values of reference 8. These ana ly t i ca l  values,  computed by 
an integral-equation approach, cons t i t u t e  t h e  theo re t i ca l  po in ts  presented 
i n  t h e  f igure.  

The f i n i t e  values of An 

b 

* 

Transverse Modes f o r  Horizontal Circular  Cylinders 

Frequency-depth re la t ionships  f o r  horizontal  c i r c u l a r  cyl inders  sub- 
jec ted  t o  t ransverse o s c i l l a t i o n s  are shown i n  figure 7 f o r  four  c i r cu la r  
cylinders of d i f f e ren t  sizes.  The frequency parameter An i s  t h e  same 

0 

as t h a t  for t he  spherical  case.  e 



The r e s u l t s  again appear t o  be independent of tank r a d i i  and appl i -  
cable f o r  predict ing the  na tura l  f l u i d  frequencies i n  any similar con- 
f igura t ion .  The f igure  a l so  indicates  that  the transverse n a t u r a l  fre- 
quencies of f l u i d s  i n  horizontal  cylinders are ,  as expected, independent 

t i o n  of t h e  boundary values are s i m i l a r  t o  the  case of the spherical  con- 
f igura t ion .  The t h e o r e t i c a l  curve was again obtained from the a n a l y t i c a l  

the experimental data  i s  obtained. 

e of tank length.  The general trend of the curves and t h e  physical explana- 

r e s u l t s  of reference 8 and, as the f igure shows, excellent agreement with 4 

Longitudinal Modes f o r  Horizontal Circular Cylinders 

The r e s u l t s  obtained from longitudinal exci ta t ion of  the four hori-  
zontal  c i r c u l a r  cylinders a r e  presented i n  figure 8. The frequency param- 
e t e r  yn i s  shown as a function of depth f o r  t h e  f i r s t  four l i q u i d  modes. 
A s  i n  the  case of the  sphere and transverse modes for the horizontal  c i r -  
cu la r  cyllriders,  t .he data  obtained f o r  a given longi tudinal  mode of the  
c i r c u l a r  cylinders define one curve. it appears therefore t h a t  t h e  
r e s u l t i n g  curve i s  applicable f o r  a l l  s i z e  cylinders although no theo- 
r e t i c a l  v e r i f i c a t i o n  i s  avai lable  f o r  t h i s  case. 

Since the  r e s u l t i n g  curve f o r  each mode i s  essent ia l ly  the  product 
of a constant and the  r a t i o  of the  experimentally determined n a t u r a l  f r e -  
quency t o  the  a n a l y t i c a l  expression f o r  the  na tura l  frequency of  a f l u i d  
contained i n  a rectangular tank, the  var ia t ion of 7n with depth repre- 
sen ts  t h e  l imi ta t ions  involved i n  the  ana ly t ica l  expression when applied 

+ t o  longi tudinal  modes of c i r c u l a r  cylinders.  

Transverse Modes f o r  Upright Circular Cylinders 

I n  order t o  i l l u s t r a t e  experimentally the  v a l i d i t y  of the  exact 
expression f o r  t'ne natinal frequencies of l iqu ids  i n  upright c i r c u l a r  
cylinders undergoing transverse osc i l la t ions ,  experlmental data  are 
presented i n  f igure  9 i n  a form s i m i l a r  t o  t h a t  used f o r  the  previous 
configurations.  The frequency parameter S, i s  p lo t ted  as a function 
of f l u i d  depth h/2R f o r  the  f i r s t  three l i q u i d  modes. Experimental 
data  obtained from t h e  exci ta t ion of one small tank during t h i s  inves- 
t i g a t i o n  a r e  supplemented by experimental data  taken from tes ts  pre- 
sented i n  references 7, 12, 13, and 14. The theore t ica l  values of the  
frequency parameter S, are a l s o  presented. These values, equal t o  
6, show excel lent  agreement with the experimental results obtained 
over a la rge  range of tank s izes  including fu l l - sca le  missile tanks.  

m 

4 
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CONCLUDING REMARKS 

Fluid frequency parameters are developed by r e l a t i n g  experimentally 
determined na tura l  f l u i d  frequencies t o  c e r t a i n  physical parameters f o r  ? 

several  models of miss i le  propel lant  tanks of d i f f e r e n t  s i zes .  These 
parameters a re  found t o  be independent of container s i z e  and are believed 
t o  be applicable fo r  tanks of a l l  s i z e s  up t o  and including f u l l  sca le .  b 

The data  show t h a t  t h e  c h a r a c t e r i s t i c  var ia t ions  of the  na tu ra l  f r e -  
quencies with tank fu l lnes s  vary considerably with tank o r i en ta t ion  and 

f l u i d s  i n  spheres and horizontal  cylinders,  a monotonic increase i n  fre- 
quency from a f i n i t e  value i s  noted f o r  t he  f irst  mode as the  tank i s  
f i l l e d .  For t he  higher modes, the  frequencies decrease from f i n i t e  values  
f o r  the  empty condition t o  minimum values when t h e  tank i s  approximately 
half  full. A s  t he  tank i s  f i l l e d  fu r the r ,  t h e  frequencies again increase.  
A s  t he  f u l l  condition i s  approached, t h e  frequencies of a l l  modes approach 
i n f i n i t e  values.  Excellent agreement i s  shown between the  experimental 
data  and t he  r e s u l t s  of ava i lab le  theory.  

L 
mode of f l u i d  o s c i l l a t i o n .  In  the  case of t h e  t ransverse o s c i l l a t i o n s  of a 

6 
9 

In  the  case of longi tudinal  o s c i l l a t i o n s  of f l u i d s  i n  hor izonta l  
c i r cu la r  cylinders,  the  na tu ra l  frequencies of a l l  modes increase mono- 
ton ica l ly  with tank fu l lness .  No theo re t i ca l  r e s u l t s  are ava i lab le  f o r  
comparison f o r  t h i s  configuration. 

The ana ly t i ca l  expression f o r  the  na tu ra l  frequencies of a f l u i d  
undergoing t ransverse osc i l l a t ions  i n  an upright c i r cu la r  cyl inder  i s  
found t o  y i e ld  r e s u l t s  i n  c lose agreement with the  experimental da ta  
obtained over a wide range of f l u i d  depths and container s i zes .  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field, Va., January 12, 1960. 



REFERENCES 

9 

b 

L 
8 
6 
9 

1. Lorell, Jack: Forces Produced by Fuel Oscillations. Progress Rep. 
No. 20-149 (Contract No. DA-04-495-0rd 18), C .I .T., Jet Propulsion 
Lab., Oct. 16, 1951. 

2. Graham, E. W., and Rodriguez, A. M.: The Characteristics of Fuel 
Motion Which Affect Airplane Dynamics. Rep. No. SM-14212, Douglas 
Aircraft Co., Inc., Nov. 27, 1951. 

3. Merten, Kenneth F., and Stephenson, Bertrand H.: 
of Fuel Motion in Simplified Model Tip Tanks on Suddenly Excited 
Bending Oscillations. NACA TN 2789, 1952. 

Some Dynamic Effects 

4. Widmayer, Edward, Jr., and Reese, James R.: Moment of Inertia and 
Damping of Fluid in Tanks Undergoing Pitching Oscillations. NACA 
HM L>3201a, 1953. 

5. Reese, James R., and Sewall ,  John L.: Effective Moment of Inertia u i .  
Fluid in Offset, Inclined, and Swept-Wing Tanks Undergoing Pitching 
Oscillations. NACA TN 3353, 1955. 

6. Sewall, John L.: An Experimental and Theoretical Study of the Effect 
of Fuel on Pitching-Translation Flutter. NACA TN 4166, 1957. 

7. Eulitz, Werner: The Sloshing Phenomenon and the Mechanism of a Liquid 
in Motion in an Oscillating Missile Container. Rep. Nr. DS-R-31, 
Dev. Operations Div., A m y  Ballistic Missile Agency (Huntsville, 
Ala.), Oct. 1957. 

8. Budiansky, Bernard: Sloshing of Liquids in Circular Canals and Spheri- 
cal Tanks. Jour .  Aero/Space Sci., vol. 27, no. 3, Mar. 1960, 
pp. 161-173. 

9. Lamb, Horace: Hydrodynamics. Sixth ed., Dover Publications, 1945. 

10. Bauer, Helmut F.: Fluid Oscillations in a Circular Cylindrical Tank. 
Rep. No. DA-TR-1-58, Dev. Operations Div., A r q y  Ballistic Missile 
Agency (Redstone Arsenal, Ala.), Apr. 1958. 

11. Silveira, Milton A., Maglieri, Domenic J., and Brooks, George W.: 
Results of an Experimental Investigation of Small Viscous Dampers. 
NACA TN 4257, 1958. 

12. Abramson, H. Norman, and Ransleben, Guido E., Jr.: Simulation of Fuel 
Sloshing Characteristics in Missile Tanks by Use of Small Models. 
Tech. Rep. No. 3 (Contract D.4-23-072-0RD-l251), Southwest Res. Inst., 
Mar. 1959. 



10 

13. Abramson, H. Norman, and Ransleben, Guido E., Jr.: Some Comparisons 
of Sloshing Behavior in Cylindrical Tanks With Flat and Conical 
Bottoms. 
Southwest Res. Inst., May 1959. 

Tech. Rep. No. 4 (Contract No. DA-23-072-ORD-l251), 

v 
14. Abramson, H. Norman, and Ransleben, Guido E., Jr.: A Note on Wall 

Pressure Distributions During Sloshing in Rigid Tanks. Tech. Rep. 
No.  5 (Contract No. DA-23-072-ORD-1251), Southwest Res. Inst., 
June 1959. 

b 

L 
8 
6 
9 



11 

TABLE I. - DIMENSIONS OF TEST CONFIGURATIONS AND CORRESPONDING 
LIQUID DEPTHS STUDIED 

Configuration 

Sphere 

Circular cylinder 

Circular cylinder 
(upright) 

,:$ 

Mode I 

I 
Ref. 7 

I 1  

I 1  

Ref. I2 
Ref. 13 
Ref. 14 

R, in. 

3.10 

6.43 

13.13 

2.75 

4.28 

6 

6 

2.75 

4.28 

6 

6 

6 
5 

8.75 
12.5 
7.08 
7.00 
7.08 

1, in. 

16 

15 

12 

24 

16 

15 

12 

24 

h/2R 
~ ~~ ~ 

,048 - ,904 

,070 - .955 

,019 - .914 

.I15 - ,900 

,040 - .949 

.042 - .667 

.042 - .833 

,091 - ,909 

,058 - ,967 

,083 - ,833 

,003 - ,033 

215 - 1.745 
2 

1.143 
.80 

,505 - ,785 
.25 - .50 
.50 - 1.0 
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L-60-206 
Figure 5.- First two modes of o s c i l l a t i o n  f o r  upright  c i r c u l a r  cyl inders .  # 
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Figure 6.- Variation of f l u i d  frequency parameter 
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f o r  spherical  tanks. 
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for  t ransverse modes of hor izonta l  c i r c u l a r  cyl inders .  
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